Trends in Mathematics
Information Center for Mathematical Sciences
Volume 9, Number 1, June, 2006, Pages 91-98

A SURVEY OF THE COMPLEMENTED SUBSPACE PROBLEM

MOSLEHIAN

ABSTRACT. The complemented subspace problem asks, in general, which closed
subspaces M of a Banach space X are complemented; i.e. there exists a closed
subspace N of X such that X = M @ N7 This problem is in the heart of
the theory of Banach spaces and plays a key role in the development of the
Banach space theory. Our aim is to investigate some new results on comple-
mented subspaces, to present a history of the subject, and to introduce some
open problems.

1. INTRODUCTION

The problem related to complemented subspaces are in the heart of the theory
of Banach spaces. These are more than fifty years old and play a key role in
the development of the Banach space theory. Our aim is to review of results on
complemented subspaces, to present a history of the subject, and to introduce some
open problems.

We start with simple observations concerning definition and properties of com-
plemented subspaces. Some useful sources are [8, 17, 28].

Let X be a normed space, M, N be algebraically complemented subspaces of
X (lee. M+ N =X and MNN = {0}), 7 : X — 2 be the quotient map,
¢ : M x N — X be the natural isomorphism (z,y) — =z +y and P : X —
M,P(x+y) =x,2 € M,y € N be the projection of X on M along N. Then the
following statements are equivalent:

(i) ¢ is a homeomorphism.

(ii) M and N are closed in X and 7|y is a homeomorphism.

(i) M and N are closed and P : X — M is a bounded projection.

The Subspaces M and N are called topologically complemented or simply com-
plemented if each of the above equivalent statements holds. If N7, Ny are comple-
mented subspaces of a closed subspace M, then N7 and N, are isomorphic Banach
spaces.

It is known that every finite dimensional subspace is complemented and every alge-
braic complement of a finite codimension subspace is topologically complemented.
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In a Banach space X, applying the closed graph theorem we can establish that
two closed subspace are algebraically complemented if and only if they are comple-
mented. Moreover, if M is a closed subspace of X, then M is complemented if and
only if the following equivalent assertions hold:

(I) The quotient map 7 : M — X has a left inverse as a continuous operator .

(IT) The natural projection 7 : M — % has a right inverse as a continuous
operator.

[*° is complementary in every normed space X containing it isomorphically as a
closed subspace [28]. Also, If ¢, is subspace of a separable Banach space X , then
there is a bounded projection P of X onto ¢, of norm < 2, cf. [44].

Suppose now that F' is a retract of a Banach space X, i.e. F is a Banach
subspace of X and there is a continuous linear map ¢ : X — F such that for all
x € Fi¢(x) = x. Then Co(X — F) = {f € C(X) : f(x) =0foralz € F} is
complemented in C'(X). In fact, by defining P : C(X) — C(X) by P(g) = g o ¢,
we have P2 = P, [ P(9)] = g l9(6(2))| < lg]l and KerP = {g € C(X)lg(6(x) =

Oforallz € X} =Co(X — F).
Hence we may say that ”complemented ideal’ is the Gelfand dual of "retract closed
subspace” (see [31]).

There are non-complemented closed subspaces. For example, let X be the disk
algebra, i.e. the space of all analytic functions on {z € C;|z| < 1} which are
continuous on the closure of D. Then the subspace of C(T') consisting of the
restrictions of functions of X to T' = {z € C;|z| = 1} is not complemented in X
(see [18]).

Throughout the paper ¢, ¢, l«, I, denote the space of all complex sequences {x,, }

such that lim z, = 0, {z,} is convergent, {z,} is bounded, and Z|xn|p < 00,
n—oo
n=1
respectively. In addition, L, denotes the L,-space over the Lebesgue interval [0, 1].

The reader is referred to [20, 26] for undefined terms and notation.

2. COMPLEMENTARY SUBSPACE PROBLEM AND RELATED RESULTS

This problem asks, in general, which closed subspaces of a Banach space are
complemented?

In 1937, Murray [32] proved, for the first time, that {,,p # 2,p > 1 has non-
complemented subspace.

Phillips [38] proved that ¢, is non-complemented in [°°. This significant fact has
been refined, reproved or generalized by many mathematicians, cf. [37, 16, 42, 34].

Banach and Mazur showed that all subspaces in C[0, 1] which are isometrically
isomorphic to I; or L'[0,1] are non-complemented, cf. [43, 1].

In 1960, Pelczynski [36] showed that complemented subspaces of I; are isomor-
phic to l. Kéthe [22] generalized this result to the non-separable case.

In 1967, Lindenstrauss [25] proved that every infinite dimensional complemented
subspace of [*° is isomorphic to [*°. This also holds if > is replaced by I,, 1 < p <
00, Co OF C.
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It is shown by Lindenstrauss [24] that if the Banach space X and its closed
subspace Y are generated by weakly compact sets (in particular, if X is reflexive),
then Y is complemented in X.

In 1971, Lindenstrauss and Tzafriri [26] proved that every infinite dimensional
Banach space which is not isomorphic to a Hilbert space contains a closed non-
complemented subspace.

Johnson and Lindenstrauss [19] proved the existence of a continuum of non-
isomorphic separable L!-spaces. (An Ll-space is a space X for which X** is a
complemented subspace of an L'-space)

Classically known complemented subspaces of L,,1 < p < oo ,p # 2 are
lp, 12,1, @1y and L, itself. In 1981, Bourgain, Rosenthal and Schechtman [3] proved
that up to isomorphism, there exist uncountably many complemented subspaces of
L,.

It is shown that a complemented subspace M of [ is isomorphic to {5, provided
M is either w*-closed or isomorphic to a bidual space, cf. [29].

Pisier [39] established that any complemented reflexive subspace of a C*-algebra
is necessarily linearly isomorphic to a Hilbert space.

In 1993, Gowers and Maurey [13] showed that there exists a Banach space X
without non-trivial complemented subspaces.

If E is one of the spaces [,, (1 < p < 00) or ¢, and X is a vector space
complemented in F which contains a vector subspace Y complemented in X and
isomorphic to F, then X is isomorphic to E. Moreover, each infinite dimensional
vector subspace complemented in FE is isomorphic to E. Conversely, if Y is a vector
subspace of E = [? or ¢, which is isomorphic to E, then Y is complemented in E.

If X is an infinite dimensional vector subspace complemented in some space
C(S), then X contains a vector subspace isomorphic to c¢o.

Randrianantoanina [40] showed that if X and Y are isometric subspaces of
L, (p#4,6,...), and X is complemented in L, then so is Y. Moreover, the projec-
tion constant does not change. This number is defined to be inf{||T|| : T : L, — X
is a bounded linear projection of L, onto X}.

The above theorem fails in the case p > 4 is an even integer, i.e. there exist pairs
of isomorphic subspaces X and Y of L, to itself so that X is complemented and Y
is not.

3. SCHROEDER-BERNSTEIN PROBLEM

If two spaces are isomorphic to complemented subspaces of each other, are then
they isomorphic?
There are negative solutions to this problem.(see [15, 14])

4. BASIS AND COMPLEMENTED SUBSPACES

A Schauder basis for a Banach space X is a sequence {x, } in X with the property
o0

that every x € X has a unique representation of the form x = Zangcn; a, € C

n=1
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in which the sum is convergent in the norm topology, cf. [20]. For example, the
trigonometrical system is a basis in each space LP[0,1],1 < p < oo.

Pelczynski [36] showed that any Banach space with a basis is a complemented
subspace of an isomorphically unique space.

In 1987, Szarek [45] showed that there is a complemented subspace without basis
of a space with a basis and answered therefore to a problem of fifty years old.

5. APPROXIMATION PROPERTY AND COMPLEMENTED SUBSPACES.

A Banach space X has the approximation property (AP) if for every ¢ > 0 and
each compact subset K of X there is a finite rank operator 7" in X such that for
each z € K, ||Tx — x| < e. If there is a constant C' > 0 such that for each such T,
IT|| < C, then X is said to have bounded approximation property (BAP), cf. [20].
For example, every Banach space with a basis has BAP.

Pelczynski [36] proved that every Banach space with the BAP can be comple-
mentably embedded in a Banach space with a basis.

6. COMPLEMENTED MINIMAL SUBSPACES

A Banach space X is called minimal if every infinite dimensional subspace Y of
X contains a subspace Z isomorphic to X. For example ¢, is minimal. If Z is also
complemented then X is said to be complementary minimal. Casazza and Odell
[5] showed that Tsirelson’s space T' (see [46, 12]) have no minimal subspaces.

Casazza, Johnson and Tzafriri [4] showed that the dual T of T' is minimal but

not complementary minimal.

7. QUASI-COMPLEMENTED SUBSPACES

A closed subspace Y of a Banach space X is said to be quasi-complemented if
there exists a closed subspace Z of X such that Y NZ = {0} and Y + Z is dense
in X.

Then such a subspace Z is said to be a quasi-complement of Y. Those notions
are first introduced by Murray [33].

Every closed subspace of I, is quasi-complemented, cf. [42]. Also Mackey [27]
proved that in a separable Banach space every subspace is quasi-complemented.

Rosenthal [41] showed that if X is a Banach space, Y is a closed subspace of X,
Y* is W*-separable and the annihilator Y+ of ¥ in X* has an infinite dimensional
reflexive subspace, then Y is quasi-complement in X.

8. WEAKLY COMPLEMENTED SUBSPACES

A closed subspace of a Banach space X is called weakly complemented if the
dual ¢* of the natural embedding i : M <— X has a right inverse as a bounded
operator.

For example, ¢, is weakly complemented in I, not complemented in [, (see
[47)).
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If M is complemented in X with the corresponding projection P, then the adjoint
of idx — P is a projection in B(X) with the range M° = {f € X*; f|; = 0}. Hence
M is weakly complemented in X.

9. CONTRACTIVELY COMPLEMENTED SUBSPACES

As mentioned before, a closed subspace Y of a Banach space X is said to be
complemented if it is the range of a bounded linear projection P : X — X. If
IP|| =1, Y is called a contractively complemented or 1-complemented subspace of
X.

Let X be a Banach space with dimX > 3. Then X is isometrically isomorphic
to a Hilbert space iff every subspace of X is the range of a projection of norm 1
(see [21, 2]).

In 1969, Zippin [48] proved that every separable infinite dimensional L;-predual
space (i.e a Banach space whose dual is isometric to L;(u) for some measure space
(Q,%, 1) ) contains a contractively complemented subspace isomorphic to co.

Lindenstrauss and Lazar [23] proved that X contains a contractively comple-
mented subspace isometric to some space C(S) when X* is non-separable.

Question. Let X be a Banach space and T': X — X be an isometry. Is the
range of T is contractively complemented in X7
In Hilbert and L?, (1 < p < o0) spaces, we have an affirmative answer. In case
C0, 1], however, it may happen that the range of an isometry is not complemented,
cf. [9].

Pisier [39] proved that if M is a von Neumann subalgebra of B(H) which is
complemented in B(H) and isomorphic to M ® M, then M is contractively com-
plemented.

10. PRIME BANACH SPACES AND COMPLEMENTED SUBSPACES

A Banach space X is called prime if each infinite dimensional complemented
subspace of X is isomorphic to X, cf. [26].

Pelczynski [36] proved that ¢, and I, (1 < p < 00) are prime. Lindenstrauss [25]
proved that [*° is also prime. Gowers and Maurey [13] constructed some new prime
spaces.

11. COMPLEMENTED SUBSPACES OF TOPOLOGICAL PRODUCTS AND SUMS

Metafune and Moscatelli [30] proved that when X is one of the Banach spaces
I[,(1 < p < 00) or ¢, then each infinite dimensional complemented subspace of X N
is isomorphic to one of the spaces w,w x X~ or X¥ where w = K (K is the scaler
field) and X ¥ is the product of countably many copies of X.

In [11], the authors obtained a complete description of the complemented sub-
space of the topological product {7} where m is an arbitrary cardinal number.

Every complemented subspace of a product V' = [],.; X; of Hilbert spaces is
isomorphic to a product of Hilbert spaces (I is a set of arbitrary cardinal), cf. [10].
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Ostraskii [35] showed that not all complemented subspaces of countable topolog-
ical products of Banach spaces are isomorphic to topological products of Banach
spaces.

Chigogidze [6] proved that complemented subspaces of a locally convex direct
sum of arbitrary collection of Banach spaces are isomorphic to locally convex direct
sum of complemented subspaces of countable subsums.

Chigogidze [7] proved that a complemented subspace of an uncountable topo-
logical product of Banach spaces is isomorphic to a topological product of comple-
mented subspaces of countable subproducts and hence isomorphic to a topological
product of Frechet spaces.

12. SOME INTERESTING PROBLEMS

The following problems in this area arise:

1) Given a Banach space X, characterize the isomorphic types of its comple-
mented subspaces.

2) Given a Banach space X, characterize the isomorphic types of such Banach
space Z that every vector subspace of Z isomorphic to X is complemented in Z.

3) Is every complemented vector subspace of C'(S) isomorphic to some C(S1)?

4) If a Banach space X is complemented in every Banach space containing it,
is X isomorphism to some C(S) over a Stone space S? (A space is Stonian if the
closure of every open set is open)

5) Does every complemented subspace of a space with an unconditional basis
have an unconditional basis? Recall that an unconditional basis for a Banach space
is a basis {z,} such that every permutation of {z,} is also a basis or equivalently,
the convergence of > ., x, implies the convergence of every rearrangement of the
series, cf. [20].

6) If a von Neumann algebra is a complemented subspace of B(H), is it then
injective?

7) Arel,,1 < p < oo and ¢, the only prime Banach spaces with an unconditional
basis? is still open.

Remark. Some pieces of information are taken from Internet-based resources
without mentioning the URL’s.

REFERENCES

[1] Banach, S. (Buvres. Vol. II. Travaux sur l'analyse fonctionnelle. Edited by Czestaw Bessaga,
Stanistaw Mazur, Wiladystaw Orlicz, Aleksander Pelczyniski, Stefan Rolewicz and Wiestaw
Zelazko. With an article by Pelczyriski and Bessaga. PWN-ditions Scientifiques de Pologne,
Warsaw, 1979. 470 pp. (1 plate).
[2] Bohnenblust, F. A characterization of complex Hilbert spaces. Portugaliae Math. 3, (1942).
103-109.
[3] Bourgain, J.; Rosenthal, H. P.; Schechtman, G. An ordinal LP-index for Banach spaces, with
application to complemented subspaces of LP. Ann. of Math. (2) 114 (1981), no. 2, 193-228.
[4] Casazza, P. G.; Johnson, W. B.; Tzafriri, L. On Tsirelson’s space. Israel J. Math. 47 (1984),
no. 2-3, 81-98.
[6] Casazza, P. G.; Odell, E. Tsirelson’s space and minimal subspaces. Texas functional analysis
seminar 1982-1983 (Austin, Tex.), 61-72, Longhorn Notes, Univ. Texas Press, Austin, TX, 1983.



A SURVEY OF THE COMPLEMENTED SUBSPACE PROBLEM 97

[6] Chigogidze, A. Complemented subspaces of locally convex direct sums of Banach spaces. JP
J. Geom. Topol. 1 (2001), no. 3, 231-238.

[7] Chigogidze, A. Complemented subspaces of products of Banach spaces. Proc. Amer. Math.
Soc. 129 (2001), no. 10, 2959-2963 (electronic).

[8] Constantinescu, C. C*-algebras. Vol. 1. Banach spaces. North-Holland Mathematical Library,
58. North-Holland Publishing Co., Amsterdam, 2001.

[9] Ditor, S. Z. Averaging operators in C(S) and lower semicontinuous sections of continuous
maps. Trans. Amer. Math. Soc. 175 (1973), 195-208

[10] Domanski, P. Complemented subspaces of products of Hilbert spaces. Proc. Amer. Math.
Soc. 110 (1990), no. 1, 187-196.

[11] Domanski, P; Ortynski, A. Complemented subspaces of products of Banach spaces. Trans.
Amer. Math. Soc. 316 (1989), no. 1, 215-231.

[12] Figiel, T.; Johnson, W. B. A uniformly convex Banach space which contains no l,,. Compositio
Math. 29 (1974), 179-190.

[13] Gowers, W. T.; Maurey, B. The unconditional basic sequence problem. J. Amer. Math. Soc.
6 (1993), no. 4, 851-874.

[14] Gowers, W. T.; Maurey, B. Banach spaces with small spaces of operators. Math. Ann. 307
(1997), no. 4, 543-568.

[15] Gowers, W. T. A solution to the Schroeder-Bernstein problem for Banach spaces. Bull. Lon-
don Math. Soc. 28 (1996), no. 3, 297-304.

[16] Grothendieck, A. Canad. J. Math. 5 (1953), 129173.

[17] Helemskii, A. Ya. Banach and locally convex algebras. Translated from the Russian by A.
West. Oxford Science Publications. The Clarendon Press, Oxford University Press, New York,
1993.

[18] Hoffman, K. Banach spaces of analytic functions. Reprint of the 1962 original. Dover Publi-
cations, Inc., New York, 1988.

[19] Johnson, W. B.; Lindenstrauss, J. Examples of £; spaces. Ark. Mat. 18 (1980), no. 1, 101-106.

[20] Johnson, W. B.; Lindenstrauss, J. (eds). Handbook of the geometry of Banach spaces. Vol.
I. North-Holland Publishing Co., Amsterdam, 2001.

[21] Kakutani, S. Some characterizations of Euclidean space. Jap. J. Math. 16, (1939). 93-97.

[22] Kothe, G. Hebbare lokalkonvexe Rume. (German) Math. Ann. 165 (1966) 181-195.

[23] Lazar, A. J.; Lindenstrauss, J. Banach spaces whose duals are L1 spaces and their representing
matrices. Acta Math. 126 (1971), 165-193.

[24] Lindenstrauss, J. On a theorem of Murray and Mackey. An. Acad. Brasil. Ci. 39 (1967) 1-6.

[25] Lindenstrauss, J. On complemented subspaces of m. Israel J. Math. 5 (1967) 153-156.

[26] Lindenstrauss, J.; Tzafriri, L. Classical Banach spaces. I. Sequence spaces. Ergebnisse der
Mathematik und ihrer Grenzgebiete, Vol. 92. Springer-Verlag, Berlin-New York, 1977.

[27] Mackey, G. W. Note on a theorem of Murray. Bull. Amer. Math. Soc. 52, (1946). 322-325.

[28] Meise, R.; Vogt, D. Introduction to functional analysis. Translated from the German by
M. S. Ramanujan and revised by the authors. Oxford Graduate Texts in Mathematics, 2. The
Clarendon Press, Oxford University Press, New York, 1997.

[29] Metafune, G. A note on complemented subspaces of (I°°)’. Boll. Un. Mat. Ital. A (6) 5 (1986),
no. 3, 405-407.

[30] Metafune, G.; Moscatelli, V. B. Complemented subspaces of sums and products of Banach
spaces. Ann. Mat. Pura Appl. (4) 153 (1988), 175-190 (1989).

[31] Moslehian, M. S. Characterization of some closed ideals of C'(X). Int. Math. J. 2 (2002), no.
11, 1055-1059.

[32] Murray, F. J. On complementary manifolds and projections in spaces Ly, and l,. Trans. Amer.
Math. Soc. 41 (1937), no. 1, 138-152.

[33] Murray, F. J. Quasi-complements and closed projections in reflexive Banach spaces. Trans.
Amer. Math. Soc. 58, (1945). 77-95.

[34] Nakamura, M; Kakutani, S. Proc. Imp. Acad. Tokyo 19 (1943), 224-229.



98 MOSLEHIAN

[35] Ostrovskii, M. I. On complemented subspaces of sums and products of Banach spaces. Proc.
Amer. Math. Soc. 124 (1996), no. 7, 2005-2012.

[36] Pelczynski, A. Projections in certain Banach spaces. Studia Math. 19 (1960) 209-228.

[37] Pelczynski, A. Bull. Acad. Polon. Sci. Ser. Sci. Math. Astronom. Phys. 10 (1962), 641648.

[38] Phillips, R. S. On linear transformations. Trans. Amer. Math. Soc. 48, (1940). 516-541.

[39] Pisier, G. Remarks on complemented subspaces of von Neumann algebras. Proc. Roy. Soc.
Edinburgh Sect. A 121 (1992), no. 1-2, 1-4.

[40] Randrianantoanina, B. On isometric stability of complemented subspaces of L. Israel J.
Math. 113 (1999), 45-60.

[41] Rosenthal, H. P. On quasi-complemented subspaces of Banach spaces, with an appendix on
compactness of operators from LP () to L” (v). J. Functional Analysis 4 (1969) 176-214.

[42] Rosenthal, H. P., On complemented and quasi-complemented subspaces of quotients off or
Stonian. Proc. Nat. Acad. Sci. USA 60 (1968) 1165-1169.

[43] Semadeni, Z. Banach spaces of continuous functions. Vol. I. Monografie Matematyczne, Tom
55. PWN-Polish Scientific Publishers, Warsaw, 1971.

[44] Sobczyk, A. Projection of the space (m) on its subspace (cg). Bull. Amer. Math. Soc. 47,
(1941). 938-947.

[45] Szarek, S. J. A Banach space without a basis which has the bounded approximation property.
Acta Math. 159 (1987), no. 1-2, 81-98.

[46] Tsirerson, B. S. Not every Banach space contains an embedding of I, or c¢g, Functional Anal.
Appl. 8 (1974), 138-141.

[47] Whitley, R. Projecting m onto co, Amer. Math. Month. 73 (1966), 285-286.

[48] Zippin, M. On some subspaces of Banach spaces whose duals are L; spaces. Proc. Amer.
Math. Soc. 23 (1969) 378-385.

DEPARTMENT OF MATHEMATICS, FERDOWSI UNIVERSITY, P. O. Box 1159, MASHHAD 91775,
IRAN AND BANACH MATHEMATICAL RESEARCH GROUP (BMRG)
E-mail address: moslehian@ferdowsi.um.ac.ir



